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1 The different model forms

In Section 6.3 of Tunnicliffe Wilson et al. (2015) three different forms are given of what is
termed the VZAR model.

The first of these is called the predictive form of model:

= &g+ &Zu g+ + 2P g + e (1)
§(Z)Bxy + ey, (2)

where
L2)=&+ &2+ + 620 (3)

and e, is the white noise linear innovation series with
Var(e;) = V.. (4)

The second is called the natural form of model:

Ty = gplet+<ngzxt+---+90pr$t+nt (5)
or
SD(Z)ift = Ny, (6)
with
C(Z)=1—1Z — 2% — -+ — 0, 2" (7)

and disturbance term n; following a VAR(1) process with scalar coefficient 6:
ne = Ong_q + &, (8)

where ¢, is multivariate white noise with variance V. related to the variance V,, of n; by

V.= (1 6%V,
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The third is the general form of model:

Ty = Zp(Clxt + G lxy + -+ CprilfL’t) + ny 9)
= Z,0(Z)xy +mny
where
C2)=C4+ G2+ + 2P (10)

The disturbance term term n; in (9) now follows a standard VAR(1) process with scalar
autoregressive coefficient p:
ng = png_1 + &y, (11)
where ¢; is multivariate white noise with variance V. related to the variance V,, of n; by
Vo= (1-p*)Va.
The general form encompasses the predictive and natural forms of model by setting p
respectively to 0 and 6, so we will present the development of just this general form. Its

motivation comes from the equation for defining a minimum variance linear prediction of the
weighted function of future values given by:

L (Zp_lxt lzp) = Gar + Lo+ - + G2V ay, (12)

where the (i are matrix coefficients.

The assumption that this predictor is minimum variance among all linear functions of all
present and past variables xp = {x;, 241, ...}, requires that the prediction error

ﬁt = Zp_l.il?t —L (Zp_1$t ’xP) (13)

is uncorrelated with all elements of Tp.

We now use the simple lemma that for any pair of stationary series «; and ; with
cross-covariances

Cov {Oét, ﬁt—k} = Fk (14)
and operator A(B) = >, AxB*, we have

Cov {A(B)ay, B} = Cov {ay, A(B™") 5}, (15)

because each expression is verified as being equal to ), AxI'_x. We also note that if A(B) =
Z, ', then A(B™') = Z,.
So from (10), (12) and (13) we have that for k =0,1,2,...

0 = Cov(ny,xi—) = Cov {Zp_lxt —((2)xy, a:t_k}
= Cov(Z, 'ng, xe) = Cov(ng, Z, x,4), (16)

where we have introduced n; from the model equation (9). It remains to show that n; has
the VAR(1) structure given in (9). To do this we write

B
1—pB

B—p
Z: =
P 1-pB

(1-pB™)

(17)



so that, for £ =0,1,2,...

Cov(ng, Z,x—) = Cov {nt, (1—pB™) . —Bprtk} (18)
= Cov {(1 — pB)ny, b xtk} =0, (19)

1—pB
where we have once again applied the simple lemma. Then letting (1 — pB)n, = &, we
see that Cov {e;, (1 — pB) 'z;_x} = 0 for k = 1,2,.... Now the linear space of variables
(1—pB)~ta; 4 for k =1,2,...1is identical to the linear space of variables z;_ for k = 1,2, .. ..
Also &; lies in the space of x;_ for k = 0,1,2,... so must be proportional to the linear

innovation in x; and therefore white noise.
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