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1

Optimality of the Yule-Walker equations solution.

In chapter 2 of Tunnicliffe Wilson et al. (2015) we introduced the autoregressive linear
prediction equation for the current value xt of a multivariate stationary time series in terms
of the previous values up to lag p:
xt = Φ1 xt−1 + Φ2 xt−2 + · · · + Φp xt−p + et
= x̂t + et .

(1)

The Yule-Walker equations determine the matrix coefficients Φ1 , . . . , Φp so that the error
term et is uncorrelated with the predicting terms, i.e.
Cov(et , xt−k ) = 0 for k = 1, . . . , p.

(2)

Taking the covariance of (1) with xt−k for this range of lags then gives directly the equations
associated with the names of Yule and Walker as:
Γk = Φ1 Γk−1 + Φ2 Γk−2 + · · · + Φp Γk−p for k = 1, . . . , p.

(3)

In block matrix form these are
Γ1 Γ2 · · · Γp

Φ1 Φ2







· · · Φp 


=
Γ0
Γ−1
..
.
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Γ0
...

Γ−(p−1) Γ−(p−2)

· · · Γ(p−1)
· · · Γ(p−2)
..
...
.
···
Γ0





.


(4)

The block matrix on the RHS is the covariance matrix of the succession of time series values
xt−1 , xt−2 , . . . , xt−p and is therefore positive definite under the reasonable assumption that
no one element of these terms can be exactly predicted from others. The equations therefore
always have a unique solution which satisfies the condition (2).
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Denote the coefficients in the solution of (3) as Φ̂k , with the predictor x̂t in (1) having
corresponding error êt . Now consider any other linear predictor x̃t of the same form with
coefficients Φ̃k and error ẽt . It is simple to demonstrate that
Var e˜t ≥ Var eˆt

(5)

with equality only if x̃t and x̂t are identical, i.e. Φ̃k = Φ̂k for k = 1, . . . , p. This follows
because
ẽt = xt − x̃t = êt + (x̂t − x̃t )
(6)
and on the RHS êt is uncorrelated with the bracketed term which is a linear combination of
the lagged values in the predictors. Therefore
Var ẽt = Var êt + Var(x̂t − x̃t ) ≥ Var êt .

(7)

This also implies that for any vector α,
α′ (Var e˜t ) α ≥ α′ (Var eˆt ) α,

(8)

trace Var e˜t ≥ trace Var eˆt ,

(9)

det Var e˜t ≥ det Var eˆt ,

(10)

and
and
with the last two inequalities being strict if x̃t and x̂t are distinct.
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The Whittle recursions

Whittle (1963) sets out recursions by which the multivariate Yule-Walker equations may
be solved in order p2 operations, rather then p3 , which would be the case using a general
equation solver. The recursive scheme has the advantage that it supplies the solutions for
all orders p up to a specified maximum. We will briefly reprise this methodology using the
notation of the book. As mentioned in section 2.10 of the book these recursions also generate
the coefficients in the backward predictor of the form
xt = Φ̃1 xt+1 + Φ̃2 xt+2 + · · · + Φ̃p xt+p + ẽt .

(11)

Given both predictors (1) and (11) of order p, the predictors of order p + 1 are generated as
follows. The forward predictor of order p is extended to order p + 1 by including xt−p−1 as a
predictor. This can equivalently be achieved by including, instead, the quantity obtained by
orthogonalizing xt−p−1 with respect to the existing predictors xt−1 , xt−2 ,. . . , xt−p . But this
is just the backward error in predicting xt−p−1 .
ẽt−p−1 = xt−p−1 − Φ̃1 xt−p − Φ̃2 xt−p+1 − · · · − Φ̃p xt−1 + ẽt .

(12)

Because of the orthogonality, the new forward coefficient Φp+1 , of both the orthogonalized
and original variable xt−p−1 , is given simply by the solution of
Cov (xt , ẽt−p−1 ) = Φp+1 Var (ẽt−p−1 ) .
2

(13)

Hence



Φp+1 = Γp+1 − Φ̃1 Γp − Φ̃2 Γp−1 − · · · − Φ̃p Γ1 Ṽe−1

(14)

where Ṽe = Var (ẽt−p−1 ) = Var (ẽt ). The predictor of lag p + 1 is then updated to
x̂t ← x̂t + Φp+1 ẽt−p−1

(15)

with, on substituting for the two terms in this expression, the updated coefficients
Φk ← Φk − Φp+1 Φ̃p+1−k for k = 1 . . . p.

(16)

From (15) the error of the lag p + 1 prediction error is updated to
et ← et + Φp+1 ẽt−p−1

(17)

and because the updated et is uncorrelated with ẽt−p−1 its variance Ve is updated to
Ve ← Ve − Φp+1 Ṽe Φ′p+1

(18)

In the same manner the backward predictor is updated as

Φ̃p+1 = Γ′p+1 − Φ1 Γ′p − Φ2 Γ′p−1 − · · · − Φp Γ′1 Ṽe−1

(19)

Φ̃k ← Φ̃k − Φ̃p+1 Φp+1−k for k = 1 . . . p

(20)

Ṽe ← Ṽe − Φ̃p+1 Ve Φ̃′p+1 .

(21)

where we have written Γ′k for Γ−k ,

and
Of interest from (13) and the corresponding backward expression is the equality
Φp+1 Ṽe = Cov (xt , ẽt−p−1 ) = Cov (et , ẽt−p−1 ) = Cov (xt−p−1 , et )′ = Ve Φ̃′p+1

(22)

from which (18) can be rewritten


Ve ← I − Φp+1 Φ̃p+1 Ve

(23)



Ṽe ← I − Φ̃p+1 Φp+1 Ṽe .

(24)

and (21) as
The determinants of the variances in these last two equations both reduce therefore by
the common determinant of (I − Φp+1 Φ̃p+1 ) and (I − Φ̃p+1 Φp+1 ) which can be taken as a
generalized measure of the improvement in predictability on increasing the order from p to
p + 1, for which an example is plotted in Figure 2.9 of the book.
The recursions start from the null lag p = 0 with Ve = Ṽe = Vx and appropriate simplification of the equations for the step from p = 0 to p = 1. A consequence of (23) and (24) is
that det Ve and det Ṽe are identical for all orders of the predictor.
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Extension to prediction of a further series

Suppose now we have another multivariate stationary time series yt having known crosscovariances with xt :
Cov(yt , xt−k ) = Γy x,k .
(25)
Then the recursive method may be extended to determine the coefficients of the linear
predictor of yt given xt−1 , xt−2 , . . . , xt−p that is optimal in the sense described in section 1:
yt = ξ1 xt−1 + ξ2 xt−2 + · · · + ξp xt−p + ft
= ŷt + ft .

(26)

This equation is extended to order p + 1 by again including as the new variable the quantity
ẽt−p−1 as in (12), rather than xt−p−1 , and similarly, the new coefficient ξp+1 is given by the
solution of
Cov (yt , ẽt−p−1 ) = ξp+1 Var (ẽt−p−1 ) .
(27)
Hence



ξp+1 = Γy x,p+1 − Φ̃1 Γy x,p − Φ̃2 Γy x,p−1 − · · · − Φ̃p Γy x,1 Ṽe−1

(28)

ŷt ← ŷt + ξp+1 ẽt−p−1

(29)

The predictor of lag p + 1 is then updated to

with, on substituting for the two terms in this expression, the updated coefficients
ξk ← ξk − ξp+1 Φ̃p+1−k for k = 1 . . . p.

(30)

From (15) the error of the lag p + 1 prediction error is updated to
ft ← ft + ξp+1 ẽt−p−1

(31)

and because the updated ft is uncorrelated with ẽt−p−1 its variance Vf is updated to
′
Vf ← Vf − ξp+1 Ṽe ξp+1
.

(32)

The recursions start from the null lag p = 0 with Vf = Vy and appropriate simplification of
the updating equations from order p to p + 1.
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Prediction of exponentially weighted future values

In section 2.6 of the book an example is given of prediction at lead times h ≥ 1 from a
VAR(p) model that is determined so as to minimize the prediction error variance of an
exponentially weighted, or discounted, combination of future series values:
xt,ρ = xt+1 + ρxt+2 + ρ2 xt+3 + · · · =

∞
X
h=1

4

ρh−1 xt+h .

(33)

We now show how the coefficients of this model and its forecast accuracy are derived. There
are three steps. First, we derive the coefficients of the linear predictor of xt,ρ in (33) from the
most recent p values xt , xt−1 , . . . , xt−p+1 . Second, from these we determine the coefficients
of a VAR(p) model whose predictions (at time t) of xt+1 , xt+2 , . . . , combine to give exactly
the same prediction of xt,ρ . In fact, this is a specific case of the more general method of
determining coefficients of VZAR models introduced in chapter 6 of the book. Finally, we
calculate the accuracy, in the form of prediction error variances of this model, as displayed
in Figure 2.6 of the book. The point is that the VAR(p) model determined in this way to
minimize the prediction error variance of xt,ρ , has improved accuracy for prediction at higher
lead times using low model orders, when compared with the model determined by solution
of the Yule-Walker equations to minimize the prediction error variance at lead time 1.

4.1

The predictor of a discounted sum of future values

This first step still utilizes the Whittle recursive solution, because we wish to predict the
series
−1
yt+1 = xt,ρ = 1 − ρB −1
xt+1
(34)
from xt , xt−1 , . . . , xt−p+1 . We can therefore apply the method of section (3), for which we
require
Γy x,k = Cov(yt , xt−k )
h
i
−1
= Cov 1 − ρB −1
xt , xt−k


= Cov xt , (1 − ρB)−1 xt−k ,

(35)

Cov(B −k xt , xt ) = Cov(xt+k , xt ) = Cov(xt , xt−k ) = Cov(xt , B k xt )

(36)

where we are using

to replace the forward shift operator on the left by the back shift operator on the right in
the covariance in (35).
In the example in chapter 2 we use a given VAR(2) model, Φ(B)xt = et for the set
of 5 Pig market series. We can represent these with the addition of the further 5 series
zt = (1 − ρB)−1 xt−1 by the block matrix operator model which sets (1 − ρB)zt = xt−1 :

 


et
xt
Φ(B)
0
.
(37)
=
0
zt
−IB (I − ρB)
The VAR(2) model covariances of these 10 series are then evaluated as described in the
document VARcovfunCalculation.pdf. The error vector in (37) is clearly singular but this
causes no difficulty for the calculation. The required covariances in (35) are then extracted
from the block covariances of the model in (37) as Γy x,k = Γx z,k−1 . The recursive method of
section 3 then gives the coefficients ξk of the order p predictor of the discounted combination
of future values of xt as
xt,ρ = ξ1 xt + ξ2 xt−1 + · · · + ξp xt−p+1 + ft+1 = ξ(B)xt + ft+1 .
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(38)

4.2

The VAR model predictor of the discounted sum of future
values

We seek in this section to establish coefficients Φ1 , . . . , Φp of the VAR(p) model Φ(B)xt = et
which gives a prediction of the discounted future values xt,ρ in (33) that coincides with that
given by (38).
Given present and past values of xt−k for k ≥ 0, the forecast future values xt+k for k > 0
obtained using the VAR(p) model are generated such that
Φ(B)xt+k = et+k = 0 for k > 0.

(39)

In the following development, for simplicity of notation, we will not distinguish between the
present and past known, and the future forecast values of the series xt and et related in this
manner. We now express the forecast future discounted quantity using these values as
B −1
xt
1 − ρB −1
B −1
=
Φ(B)−1 et
1 − ρB −1


B −1
−1
et
+ ξ(B)Φ(B)
= N
1 − ρB −1

xt,ρ =

(40)

Where this last expression is obtained using partial fractions in which N is a constant matrix
coefficient and is given together with ξ(B) by solving
N Φ(B) = (B − ρ)ξ(B) ≡ I.

(41)

Because the first term in the last line of (40) is a combination of future values of et , it is
zero. The second term is a combination of present and past values of et , and therefore xt ,
giving the forecast value of
xt,ρ = ξ(B)xt .
(42)
It is evident that our choice of notation ξ(B) in the partial fraction of (40) anticipated its
giving the required predictor of xt,ρ in (42).
Thus from (41) we can always determine the required VAR(p) model as
Φ(B) = N −1 [I − (B − ρ)ξ(B)] .

(43)

The constant N is readily determined by setting B = 0 as N = I + ρξ1 . From(40) we can
also determine the forecast error variance implied by the VAR model as


B −1
Var N
(44)
et = (1 − ρ2 )−1 N Ve N ′ ,
1 − ρB −1
where we are now taking the true (not forecast) future values of et and using the modeling
assumption that these are uncorrelated with variance Ve .

6

4.3

The multi-step prediction variance using the derived predictor

Figure (2.6) in the book shows the prediction error variances obtained when forecasts are
generated using VAR(p) models derived by the methods described in the previous sections.
The application is to two of the series from the set of 5 Pig market series. The VAR(2) model
assumed for the full set of these series implies that this subset cannot be represented by any
finite order bivariate VAR. All forecasts obtained by VAR approximations are therefore suboptimal, although the Figure indicates that all models of order 10 or more are effectively
optimal.
To compute the actual error variance resulting from the use of an assumed VAR(p) model
is straightforward. First, the implied coefficients of the predictor at the chosen lead time h
are determined from the model coefficients as in:
x̂t,h = Φh1 xt + Φh2 xt−1 + · · · + Φhp xt−p+1 .

(45)

Then the variance is evaluated, of the multi-step prediction error
et,h = xt+h − Φh1 xt − Φh2 xt−1 − · · · + Φhp xt−p+1 ,

(46)

using the known true lagged covariances of the series terms on the RHS of (46).
All the computations used to implement the methods in this section for the example
shown in Figure 2.6 of the book, are in the MATLAB script pigsmodelMSTEP.m.

5

Stationarity of the Yule-Walker solution

As expressed in section 2.5 of the book, the necessary and sufficient condition upon the
coefficients of the VAR(p) model (1) for it to represent a stationarity process is expressed in
terms of the matrix polynomial
Φ(z) = I − Φ1 z − Φ2 z 2 − · · · − Φp z p .

(47)

A convenient statement of the condition is that det Φ(z) has no zeros for |z| ≤ 1. This can
be directly verified algebraically. Equivalently, in the formal expansion of
Φ(z)

−1

2

= I + Ψ1 x + Ψ2 z + ... =

∞
X

Ψk z k

(48)

k=0

the coefficients Ψk converge to zero. In that case their convergence is bounded geometrically.
An important result is that the coefficients of an approximating VAR(p) model obtained
by solution of the Yule-Walker equations always satisfy the stationarity condition, provided
only that the covariance matrix Gp+1 of the succession of time series values xt , xt−1 , . . . ,
xt−p is positive definite. (Substituting the sample lagged covariances defined in (3.35) of the
book this condition is generally satisfied for the order p < n.) We now outline Whittle’s
demonstration of this result. Further, if the whole sequence of lagged covariances Γk is
positive definite, i.e. Gp is positive for all p, then the VAR(p) model determined by prediction
of the sum of discounted future values, as in section 4.2 above, also satisfies the stationarity
condition. The proof of this will be given in the documents relating to the VZAR models of
Chapter 6 of the book.
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5.1

Whittle’s proof of stationarity - an outline

A proof is given in Whittle (1963), by writing the model in what we term the state space
form (2.72) and (2.73) of the book, reproduced here:

 

 

et
xt−1
Φ1 Φ2 · · · Φp
xt

 

 xt−1   I
0 ··· 0 
  xt−2   0 
 

(49)
+
=







. ,
.
.
..
  . . . . . . . . . ..   ..   .. 

.
0
xt−p
··· 0 I
0
xt−p+1
and its concisely representation
St = T St−1 + Et .

(50)

For the approximating model of order p obtained by solution of the Yule-Walker equations,
because St−1 and Et are orthogonal by construction, the variance matrices VS and VE of St
and Et are related by
VS = T VS T ′ + VE .
(51)
Whittle shows (in his own notation) that this relationship immediately determines that
any eigenvalue λ of T must satisfy |λ| ≤ 1. With a little more consideration he demonstrates
that |λ| = 1 can only occur if there is an exact linear relationship between the elements of
xt , xt−1 , . . . , xt−p , which is precluded by our assumption that Gp+1 is positive definite. Now
the eigenvalues of T are the zeros of det Φ(z −1 ), which establishes the result.

5.2

Subset autoregressions - a caution

Because the VAR(p) model derived from a positive definite sequence of autocovariances Γk
by solution of the Yule-Walker equations is always stationary, it defines a process whose
autocovariances agree up to lag p with those, Γk , from which the model was derived. The
Yule-Walker equations may be re-formed as a set of linear equations which may be uniquely
solved for these autocovariances given the coefficients of the derived VAR(p).
When deriving a VAR(p) model from sample autocovariances, coefficients at particular
lags may not be significantly different from zero, and sometimes, sensibly, the model is
re-derived by solving the Yule-Walker equations with the corresponding coefficients and
equations removed. However, we mention on pages 24 and 25 of the book a caution that
the subset autoregression so obtained does not necessarily share the desirable properties
mentioned in the previous paragraph. The derived model is not necessarily stationary, and
even if it is, the autocovariances of this model may not agree with those used to derive its
coefficients. We demonstrate this with two simple univariate examples of AR(3) models.
First take the covariances given in the row 2 of Table 1, which are those of the model
given in the row 3. Row 4 shows the coefficients of the subset AR(3) derived using these,
assuming that the coefficient at lag two is zero (in bold), regressing only on lags 1 and 3,
and discarding the second of the Yule-Walker equations. This model is in fact stationary,
but its autocovariances, shown in the last row, do not coincide with those used to derive the
model.
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k
γ(k)
σ 2 , φk
σ 2 , φk
γ(k)

0
10.0
1.25
1.5
12.5455

1
-9.0
-0.9167
-1.1667
-11.4545

2
8.0
0.5
0
9.5455

3
-6.0
0.5833
0.3333
-6.9545

Table 1: A stationary subset model
A second example is shown in Table 2. Again, rows 2 and 3 show the autocovariances to
lag 3 and coefficients of a corresponding stationary AR(3) model. Row 4 shows the derived
subset autoregression with the zero coefficient (in bold again) at lag two. However, this
model is not stationary. There is a zero of φ(z) at z = 0.7668.
k
γ(k)
σ 2 , φk
σ 2 , φk

0
10.0000
0.1771
0.3627

1
-3.5000
0.1778
0.5490

2
-7.0000
-0.3182
0

3
9.0000
0.9131
1.2843

Table 2: A non-stationary subset model
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